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Abstract
Based on the works of Gordon ([4]) and Zhang-Zhou([8])) on the variational mini-
mizing properties for Keplerian orbits and Lagrangian solutions of Newtonian 2-body
and 3-body problems, we use the constrained variational principle of Ambrosetti-Coti
Zelati ([1]) to compute the Lagrangian actions on Keplerian and Lagrangian elliptical
solutions with fixed energies, we also find an interesting relationship between period
and energy for Lagrangian elliptical solutions with Newtonian potentials.
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1 Introduction and Main Results
In [4], Gordon proved that the Keplerian orbits minimize the Lagrangian action of the
Keplerian 2-body problems with a fixed period, in [8], Zhang-Zhou generalized the result
of Gordon to Newtonian 3-body problems and proved that the Lagrangian elliptical orbits
with equilateral configurations minimize the Lagrangian action with a fixed period.
In this note, we try to generalize the above cases for the fixed period to the fixed energy.
Consider Keplerian two-body problem with a fixed energy h < 0:{
x¨(t) +∇V (x) = 0, x ∈ R2
1
2
|x˙|2 + V (x) = h,
(1)
where
V (x) =
−a
|x|
, a > 0 (2)
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1
Let W 1,2(R/Z,R2) denote the Sobolev space with period 1 and the usual inner product
and norm:
< u, v >=
∫ 1
0
(u · v + u˙ · v˙)dt (3)
||u|| = 〈u, u〉1/2 (4)
For two-body problems with a fixed energy h, Ambrozeth-CotiZelati ([1]) defined La-
grangian action:
f(u) =
1
2
∫ 1
0
|u˙|2dt ·
∫ 1
0
(h− V (u))dt (5)
and the following constrained manifold:
Mh =
{
u ∈ W 1,2|u(t) 6≡ 0
∣∣∣∣
∫ 1
0
(
1
2
V ′(u)u+ V (u))dt = h
}
(6)
and they proved that the critical point u˜ of f(u) on Mh corresponds to a noncollision
T -periodical solution q˜(t) = u˜(t/T ) of the system (1) after a scaling for the period T :
1
T 2
=
∫ 1
0
V ′(u˜) · u˜dt∫ 1
0
| ˙˜u|2dt
=
∫ 1
0
(h− V (u˜))dt
1
2
∫ 1
0
| ˙˜u|2dt
(7)
For N -body type problems, they also showed the similar variational principle.
For two-body problem (1), we have the following Theorem:
Theorem 1.1 Let degu denote the winding number of the loop u respect to the origin,
define
Λ1 = {u ∈Mh, degu 6= 0}. (8)
Then the global minimum of f(u) on the closure Λ1 exists and equals to
9
16
·2−1/3(pia)2(−h)−1,
and the minimizer u˜(t) of f(u) on Λ1 are exactly corresponding to the stright line colli-
sion solution x˜(t) = u(t/T ) or Keplerian elliptical solution x(t) = u˜(t/T ) under a scaling
transform:
T = 2pi(−2h)−3/2a (9)
and x(t) has energy h.
For Newtonian 3-body problems with a fixed enery E:

miq¨i =
−∂V (q)
∂qi
,
1
2
3∑
i=1
mi|q˙i|
2 + V (q) = E,
(10)
where
V (q) = −
∑
1≤i<j≤3
mimj
|qi − qj |
. (11)
2
We define.
F (u) =
1
2
∫ 1
0
3∑
i=1
mi|u˙i|
2dt ·
∫ 1
0
(E − V (u))dt, (12)
u ∈ Λ2 =


u = (u1, u2, u3)|ui ∈ W
1,2,
3∑
i=1
miui = 0,
deg(ui − uj) 6= 0,∫ 1
0
(V (u) + 1
2
V ′(u)u)dt = E

 (13)
Then we have
Theorem 1.2 The global minimizers of f(u) on Λ2 are just the Lagrangian elliptical
solutions and the period for the elliptical orbits is
T = 2pi ·


∑
1≤i<j≤3
mimj
−2E


3/2
(14)
and the Lagrangian action is
2−13/3(3pi)2
( ∑
1≤i<j≤3
mimj
)3
· (−E)−1, (15)
2 The Proof of Theorem 1.1
Lemma 2.1(Newton [6]) For Keplerian elliptical orbits of two-body problem (1), the
period T and energy h has the following relationship:
T = 2pi(−2h)−3/2a (16)
Lemma 2.2(Gordon [4]) Let Λ¯ be the W 1,2(R/TZ,R2) completion of the following loop
space with period T :
Λ = {x(t) ∈ C∞(R/TZ,R2)|x(t) 6= 0, degx 6= 0} (17)
We define the Lagrangian action:
g(x) =
∫ T
0
(
1
2
|x˙|2 +
a
|x|
)
dt (18)
Then the minimizers of g(x) on Λ¯ are the Keplerian elliptical solutions or the straight
line collision solution with one leg, and the minimum is
(3pi)
(
T
2pi
)1/3
· a2/3 =
3
2
(2pi)2/3a2/3T 1/3. (19)
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Lemma 2.3([3]) Let u(t) be a critical point of f(u) on Λ¯ and let x(t) = u(t/T ), then
[4f(u)]1/2 =
∫ T
0
[
1
2
|x˙|2 +
1
2
V ′(x)x
]
dt
=
∫ T
0
[
1
2
|x˙|2 +
a
2
1
|x|
]
dt (20)
Now we can prove Theorem 1.1:
By Lemmas 2.1-2.3, we have
[4f(u)]1/2 ≥
3
2
(2pi)2/3
(a
2
)2/3
T 1/3
=
3
2
pi2/3a2/3(2pi)1/3(−2h)−1/2a1/3 (21)
f(u) ≥
9
16
2−1/3(pia)2(−h)−1 (22)
and f(u) attains the infimum if and only if the minimizers are Keplerian elliptical orbits
or the collision solution with one leg.
3 The Proof of Theorem 1.2
Lemma 3.1 For a Lagrangian elliptical solution ([5]) q = (q1, q2, q3) with period T , the
energy E for masses m1, m2, m3 is
E =
(
−
1
2
)(
T
2pi
)−2/3( ∑
1≤i<j≤3
mimj
)
. (23)
Proof. The Lagrangian solution ([5]) is
q(t) = x(t)(α1, α2, α3), (24)
where |α1 −α2| = |α2 −α3| = |α3 −α1| = 1, x(t) is the Keplerian elliptical orbit satisfying
x¨(t) =
−ax(t)
|x(t)|3
(25)
From (24),we have
qi(t)− qj(t) = x(t)(αi − αj), (26)
q˙i(t)− q˙j(t) = x˙(t)(αi − αj), (27)
1
2
|q˙i − q˙j |
2 −
M
|qi − qj |
,
=
1
2
|x˙|2 −
M
|x|
, h (28)
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where M =
3∑
i=1
mi.
We notice that the energy for the Lagrangian elliptical solutions is
E =
1
2
∑
mi|q˙i|
2 −
∑
i<j
mimj
|qi − qj|
=
1
M
∑
i<j
mimj
[
|q˙i − q˙j |
2
2
−
M
|qi − qj |
]
=
1
M
∑
i<j
mimjh (29)
For Keplerian orbits (qi − qj), we use Lemma 2.1 to get
T = 2pi(−2h)−3/2 ·M, (30)(
T
2piM
)−2/3
= −2h (31)
Hence
E =
(∑
i<j
mimj
)(
−
1
2
)
·
(
T
2piM
)−2/3
, (32)
T = 2pi


∑
i<j
mimj
−2E


3/2
·M (33)
Lemma 3.2([7]) Let u = (u1, u2, u3) be a critical point of F (u) on Λ2, let q(t) = u(t/T ),
then
E =
1
2
∑
mi|q˙i|
2 −
∑
i<j
mimj
|qi − qj |
(34)
[4F (u)]1/2 =
∫ T
0
[
1
2
3∑
i=1
mi|q˙i|
2 +
1
2
V ′(q) · q
]
dt (35)
=
∫ T
0
[
1
2
3∑
i=1
mi|q˙i|
2 −
1
2
V (q)
]
dt (36)
Similar to [8], we have ∑
i
mi|q˙i|
2 =
1
M
∑
i<j
mimj |q˙i − q˙j|
2, (37)
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Hence
[4F (u)]1/2 =
∫ T
0
1
M
∑
i<j
mimj
[
1
2
|q˙i − q˙j |
2 +
M
2
1
|qi − qj |
]
(38)
By Gordon’s Lemma 2.2,
[4F (u)]1/2 ≥
1
M
(∑
i<j
mimj
)
·
[
3
2
(2pi)2/3
(
M
2
)2/3
T 1/3
]
(39)
and [4F (u)]1/2 attains the infimum if and only if for 1 ≤ i 6= j ≤ 3,
∫ T
0
[
1
2
|q˙i − q˙j|
2 +
M
2
1
|qi − qj |
]
dt =
3
2
(2pi)2/3
(
M
2
)2/3
T 1/3 (40)
Then similar to the proof in Zhang-Zhou [8],the equations (39) hold if and only if
q = (q1, q2, q3) is a Lagrangian elliptical solution,so we know the minimizers of [4F (u)]
1/2
correspond to Lagrangian elliptical solutions after a scaling.
By Lemma 3.1, we have
[4F (u)]1/2 ≥
3
2
(2pi)2/3
(
1
2
)2/3
M−1/3
(∑
i<j
mimj
)
· (2pi)1/3 ·


∑
i<j
mimj
−2E


1/2
·M1/3
=
3
2
(2pi)(
1
2
)(
1
2
)
1
6 ·
(∑
mimj
)3/2
· (−E)−1/2 (41)
F (u) ≥ 2−
13
3 · (3pi)2 ·
(∑
i<j
mimj
)3
· (−E)−1 (42)
From the above proof ,we know that F (u) attain the infimum on Λ2 if and only if the
minimizers correspond Lagrangian elliptical solutions after a scaling and the Lagrangian
action on Lagrangian elliptical solutions has the value in (15).
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